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We formulate a spatial extension of the Leggett-Garg inequality by considering three distant observers locally
measuring a many-body system at three subsequent times. The spatial form is especially suitable to test the ability
of quantum devices to generate spatiotemporal correlations in a Hamiltonian-agnostic manner. We illustrate
our proposal for a Heisenberg chain in a magnetic field, showing indeed that the first inequality-violation time
scales proportionally to the distance between measuring parties. We attribute this phenomenon to Lieb-Robinson
physics and, confirming this connection, we find that violations are anticipated when increasing the interaction
range. The inequality violation is readily observable in current quantum simulation platforms, particularly
Rydberg atoms’ arrays and ultracold atoms in optical lattices. In outlook, spatial Leggett-Garg inequalities
constitute a practical tool for benchmarking the complex nonrelativistic dynamics of many-body quantum

systems.
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I. INTRODUCTION

The Leggett-Garg inequality (LGI) [1] provides a testable
criterion to analyze the correlations in time of an evolving
physical system. Its formulation assumes intuitive classical
concepts, like macroscopic realism, noninvasive measurabil-
ity and induction [2,3], yielding constraints on the statistics
of observations at multiple times. The first Leggett-Garg
inequality violation by quantum systems was observed ex-
perimentally in 2010 [4]. This evidence, together with a long
series of subsequent experiments [5-21] (see also the reviews
[2,3]), requires us to adopt quantum mechanics as the ev-
eryday working tool for correctly describing correlations in
microscopic systems.

In the past decades, Leggett-Garg inequalities have been
extended to various scenarios, including multiple measure-
ments and times [2,22,23], macroscopic spin-j systems (with
j large) [24], and neutrino oscillations [10,25,26], and its
loopholes [27,28] and limitations [29,30] have been ad-
dressed. In spin chains, extended Leggett-Garg inequalities
based on repeated local or collective measurements have been
proposed to witness equilibrium phase transitions [31,32] and
as a quantum coherence witness [16]. Spatial versions, how-
ever, in which observers at different locations measure distinct
parts of a time-evolving many-body system, have never been
proposed. Such an extension could enable the analysis and
certification of nonequilibrium features of many-body dynam-
ics, including the light cone spreading of correlations [33-35].

In this paper, we introduce a spatial Leggett-Garg inequal-
ity for a protocol in which multiple parties perform spatially
separated sequential measurements (see Fig. 1). In general,
and in contrast with the standard Leggett-Garg inequality,
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the violation of the spatial Leggett-Garg inequality requires
an interacting Hamiltonian. This feature allows its use as a
figure of merit to benchmark the ability of a quantum system
to generate spatiotemporal correlations in a system-agnostic
way.

In principle, our conceptual extension is applicable to
physical systems in any dimension and governed by arbitrary
Hamiltonians. However, to illustrate the concepts in an ex-
perimentally relevant setting, we analyze the Leggett-Garg
correlator for a (spatiotemporally) symmetric measurement
protocol performed on a spin chain evolving under the Heisen-
berg Hamiltonian in a magnetic field [36,37]. We observe
the reduction of the Leggett-Garg inequality violation when
increasing the system size, showing that the propagation of
a quantum signal through the chain is increasingly difficult
for larger distances. Along this line, since time is necessary
to establish correlations, the first instance of violation takes
place at times increasing with the system size. This behavior
is coherent with the fact that quantum correlations can be dis-
tributed in spin chains with finite velocity [34], theoretically
limited by the Lieb-Robinson bound [38], that we can prac-
tically estimate. Furthermore, we show through our method
that, compared to other models with similar Lieb-Robinson
velocities, the maximal violation of the spatial Leggett-Garg
inequality is actually achieved by the Heisenberg Hamilto-
nian. This result provides a method to certify its realization
in quantum devices in an implementation-agnostic manner.

A further practical purpose of our work is providing
a concrete proposal for the experimental observation of
spatial Leggett-Garg inequality violations in spin chains. Suit-
able platforms are, e.g., Rydberg atoms [39-42], trapped
atoms [43-45], ions [46,47], and ultracold atoms [48,49].
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FIG. 1. Measurement setup of the spatial Leggett-Garg inequal-
ity. The three parties A, B, and C, displaced in space and connected
by spin-1/2 chains, measure Q4, Op, and Q¢ at the respective times
t4, tp, and fc. In our implementation of the inequality we consider
the spatiotemporally symmetric scenario N =2n — 1,24 = 0,13 = ¢,
and 10 = 2t.

Performing a spatial Leggett-Garg experiment will allow
quantifying, in a platform-independent manner, the ability to
generate and propagate spatiotemporal correlations in such
implementations.

II. SPATIAL LEGGETT-GARG INEQUALITIES

The original formulation of the Leggett-Garg inequality
considers an observer performing the binary measurement
Q on a system at the three subsequent times: #4, 75, and 7c.
Next, one introduces the two-times correlation functions
cxy = (Q@x)0(ty)) = Z{qx,qy}=i1 qxqy Pyeq, (0, tx, ty),
with P, (0, tx, ty) being the joint probabilities of measuring
the dichotomic observable Q at time tx and getting gy,
and again Q at time fy and getting gy. It can be shown
that the quantity K =cap+cpc —cac satisfies the
Leggett-Garg inequality —3 < K < 1 for a system respecting
the macrorealistic assumptions, namely, macrorealism per
se (i.e., that the observable Q has a well-defined value
at each time ), noninvasive measurability, and induction
(i.e., the fact that the outcome of a measurement is not
influenced by what will be measured at later times)
[3]. The upper-bound value K =1, in particular, can be
derived by considering the combinations that the value of O
takes in the possible classical scenarios and evaluating the
correlators [2].

The Leggett-Garg inequality is violated by quantum
dynamics, as can be seen already in simple two-level single-
particle systems. A clear example is a spin-1/2 initialized in
the state |4), with ¢* |[+) = |4) and o*”* the Pauli matri-
ces, and evolving under the Hamiltonian H = —ho? /2. For
three o measurements at times t4 =0, tg =¢, and fc =
2t, one obtains K = 2 cos(ht) — cos(2ht), which yields the
maximal inequality violation K = 3/2 at times t = w /(3h) +
2pr/h and t = 57 /(3h) 4+ 2pw/h, where p is a generic
integer [24].

Let us now consider a many-body system to conceptually
extend the Leggett-Garg inequality in space. For concreteness,
see Fig. 1, we analyze a one-dimensional spin chain made
of N two-level systems. We consider the three observers A,
B, and C, each one measuring the same observable at their
respective chain sites 1, n, and N, respectively at times t4, 5,
and 7¢. For simplicity, we will analyze the spatially symmetric
configuration corresponding to N = 2n — 1 and simply take
ta = 0,15 = t, and #c = 2¢. Note that, in this way, n — 1 labels
the lattice distance between the measuring parties: for n = 1

all parties coincide; then n = 2 corresponds to three adjacent
parties, n = 3 corresponds to three parties with one spin in
between, and so on. It is easy to generalize the above sim-
plifications, as well as to relax the assumptions on the spatial
dimension, boundary conditions, chain length, and number of
levels.

To derive the spatial Leggett-Garg inequality, we delocal-
ize the measurements in space and redefine the correlation
functions as Cx y = (Qx (tx)Qy (ty)), which describes the se-
quential expectation value of measuring Q at site X and time
tx and later Q at site Y and time #y. We define the spatial
extension of the Leggett-Garg inequality as

_3 n:—C1n+Cn2nl_C12n1\1- (1)

Let us now put Eq. (1) into context. For n = 1, it represents
the ordinary LGI, reviewed above for a single spin and whose
violation has been detected in several systems over the years
(among all, quarks [20], qutrits [13], trapped ion qubits [19],
and molecules [21]). The n > 1 extension adds intrinsically
different features to this standard LGI scenario. First, since
we consider a multipartite system rather than a single system,
our inequality captures the correlation dynamics within the
system parts. Second, the n > 1 violation would indicate the
incompatibility with a macrorealistic model for the global
many-body system. Third, the correlator Eq. (1) is easier
to implement than other well established tools to diagnose
quantum dynamics such as out-of-time-ordered correlations
[50-52], which typically require reversing the system’s dy-
namics. Finally, note that various experiments over the years
have aimed to demonstrate macrorealism by protecting the
system against classically invasive measurements using tech-
niques ranging from quantum memories [53] to quantum
nondemolition measurements [28], always remaining in the
single-system framework akin to n = 1.

III. APPLICATIONS

Our formulation Eq. (1) does not rely on the calibration of
the measurement setting Q, the time evolution, or the initial
state. Let us however specify these choices to illustrate the
quantum dynamics of K, in a concrete setting. We consider a
Heisenberg chain in a magnetic field with open boundaries:

Zo,, 2)

where Jy, J,, J;, and h are the coupling constants. We first con-
sider the isotropic case J, = J, = J; := J. As initial state, we
take the product state |W) = |+)®N. Finally, the quantum cor-
relators involved in the inequality are then readily computed
as Cxy = Re{(W| Ox (tx)Qy (ty) |W)} [54], with Qx = o%.
The value of K, can be calculated analytically in the
simple case of J = 0. In this case, the result does not de-
pend on n since all spins evolve independently under the
local Hamiltonian oxo® and thus rotate in the xy plane under
the action of the external field A. If the parties respectively
measure the observables o7, o, (t), and o5,_,(2t), where the
lower index indicates the chain site of the measurement,
we obtain K, = [3cos(ht) — 2 cos(2ht) 4+ cos(3ht)]/2 (see
Appendix A). This function, depicted as the black solid line

N-1
H:Z JO' O'l+1~|—.]0' GlH—i—JU GH_]
i=1
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FIG. 2. Dynamics of the spatial Leggett-Garg inequality Eq. (1)
in the spin chain Eq. (2) with J/ = 1 and /& = 1 for various distances
n between measuring parties and Q = o*. The black solid curve
represents the noninteracting case of J/ = 0 and 4 = 1, in which no
correlations can be established and the inequality is never violated.
Note that violations are more difficult in longer chains, which tend to
the noninteracting curve, and that the first violation time is ordered
with n (see Fig. 3). Note that, for n > 10, the first violation time
moves to the next period, i.e., the region around ht ~ 27 of Fig. 5,
where inequality violation revivals for n < 10 also occur.

in Fig. 2, does not lead to any inequality violation. This
result suggests that, to observe LGI violations, the interactions
between the spins are necessary. Indeed, for any noninteract-
ing Hamiltonian one finds [Qx(tx), Qy(ty)] =0 for X #Y
and X,Y € {A, B, C} and, under this assumption, only one
can prove that the inequality Eq. (1) cannot be violated (see
Appendix A). However, not all interacting evolutions might
be detected by the inequality.

Let us now consider nonzero interactions and analyze the
violations of the spatial LGI. We discuss the numerical re-
sults for the Hamiltonian (2), presented in Fig. 2 for the
values of J =1 and of h = 1. Setting J # 0 allows for vi-
olations of the inequality, which occur at times close to the
maxima of the noninteracting black curve, which we are
perturbing by considering J > 0. Also note that, as n in-
creases, the short-time noninteracting profile is recovered for
increasingly large time intervals. Thus the overall message of
Fig. 2 is that, if there are violations for a certain initial state,
Hamiltonian, and measurements, then increasing the length
of the chain tends to increase the first violation time. This
phenomenon is a consequence of the existence of a maximum
velocity, the Lieb-Robinson bound [38], at which correlations
can propagate in a spin chain. We actually note that the Lieb-
Robinson bound can be exceeded (and the LGI inequality
violated) by small correlations. However, since these are ex-
ponentially suppressed with the system size, our formalization
can characterize the nonrelativistic correlation dynamics of
the system quantitatively.

Additionally, for a given Hamiltonian and initial state, the
measurements may be more or less optimal for observing
a violation at a given time. To reduce this variability, we
perform a measurement optimization to maximize the value

TABLE 1. Maximal value of the K, correlator for times it < 1.8
and the nearest-neighbor Hamiltonian Eq. (2) with / =1,h=1
(NN) and its next-nearest-neighbor (NNN) extension.

n 2 3 4 5 6 7
NN 1.381 1.351 1.197 1.236 1.024 1.160
NNN 1.391 1.244 1.285 1.248 1.024 1.206

of K, at each time step [23]. The details of such optimization
are discussed in Appendix B, where we indeed verify that the
strength of the violation can be substantially increased with
respect to the nonoptimized case (see Table I). Note that, as
expected, the violation strength diminishes for long chains and
tends to the noninteracting J = 0 curve, especially for short
times.

We plot in Fig. 3(a) the optimized first-violation times At
versus n, which further demonstrates the relation between
the spatial LGI violation and the correlation dynamics. In
particular, to detect the violation and define t, we choose
the conservative threshold K, ~ 1.02 to be safely above the
magnitude of the numerical errors and within the resolution
of experiments [55]. Our method provides a rigorous upper
bound of the Lieb-Robinson time for each system size n, or,
equivalently, a lower bound on the Lieb-Robinson velocity.

(a)

10.0 4 ® e NN
21 NNN
7.5 4 o o
{
-
= 5.0 1 0 ™ T T q
2 4 6

FIG. 3. (a) Time of the first inequality violation t versus distance
n (corresponding to N = 2n — 1 spins), showing that the speed of
quantum correlations propagation in the spin chain is limited (we
use the criterion K, > 1.02 to determine 7). The points correspond to
nearest-neighbor (NN) Hamiltonian Eq. (2) withJ = 1, h = 1, while
the squares correspond to its next-nearest-neighbor (NNN) extension
(see text). The shaded regions exclude the Lieb Robinson time and,
in the inset, the straight lines fit the points 2 < n < 6 to simply
emphasize their trend. (b) Optimized spatial Leggett-Garg correlator
versus normalized time for the NNN case and various distances n.
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FIG. 4. Maximal violation of the spatial Leggett-Garg inequality
up to time ht = 2, evaluated for the Hamiltonian Eq. (2) withn = 4
(N = 7). Here we optimize over the measurements Q, take the initial
state |+)®", and set J, =
maximal for the Heisenberg model J, = J, = J, = 1, under which
correlations optimally spread. Note that the results remain invariant
under reflection of all couplings, i.e., under J, , . — —Jy .-

3 — J2 — J2. The inequality violation is

Note that, for nearest-neighbor model data (NN) correspond-
ing to n > 8, the first violation time quickly increases because
such violation occurs in the second period of the correspond-
ing noninteracting model (cf. Fig. 5). Moreover, for small
distances n, we observe a linear behavior between n and ht,
see Fig. 3(a) inset and Fig. 3(b), which indicates that short-
time correlations spread in a light-cone manner with constant
velocity consistently with the Lieb-Robinson bounds.

To further confirm the connection between Lieb-Robinson
physics and the inequality violation, we include in Fig. 3(a)
next-nearest-neighbor (NNN) interactions in the Hamiltonian.
In particular, by adding the term J va:—lz 0; - 042 to Eq. (2),
with 6; = (o7, al.y, of )T, we observe again a linear proportion-
ality between 7 and n, but the slope of the curve decreases
[orange squares in Fig. 3(a)]. In other words, the spatial
Leggett-Garg inequality violation is accelerated by enabling
longer-range interactions that allow for a faster spreading of
quantum correlations. Note that, for small system sizes, we
actually obtain that the inequality is violated for any finite
time ¢ > 0. This may occur because the sites 1,n,2n — 1
are directly coupled through the extended Hamiltonian for
n = 2,3, while for n > 3 these sites do not interact directly
and a finite time is needed to violate the LGI.

To gain further insight into which dynamics enable the
violation of the spatial Leggett-Garg inequality, we con-
sider the Hamiltonian (2) with the couplings constrained
to J2+J2+J? =3 [56] and plot in Fig. 4 the maximal
violation. We observe that the strongest violation occurs
for isotropic interactions, while only marginal violation is
observed for the XXZ model (J, =J;). Indeed, we note
that the single-particle term (with coupling /) produces the
maximal violation of the single-site LGI in this setting.
The isotropic interacting term, in turn, corresponds to a
chain of nearest-neighbor SWAP operators and both terms
commute. In the Heisenberg picture, the interacting term
propagates operators along the chain so that, after sufficient

time, they overlap. At that point, the single-particle term
rotates the state, producing a notable violation in the mul-
tisite LGI. The fact that isotropic interactions are optimal
also facilitates the LGI implementation in the experimen-
tal platforms, where large anisotropic couplings are feasible,
but nonetheless more challenging to achieve than isotropic
ones [57].

Interestingly, the violation of the spatial LGI in our
setting indicates that the Hamiltonian is close to a Heisen-
berg chain, which could be useful for Hamiltonian learning
and certification protocols [58,59]. Learning features of the
Hamiltonian (for example, the couplings J,, J,, J;) from ex-
perimental data alone is a highly resource intensive task
and has been tackled with a plethora of methods [60-62],
also experimentally [63]. Our inequality, which is only
based on three correlators and does not require trust in
the measurement settings, may provide an advantage in this
task.

The protocol of our work can be implemented in the avail-
able experimental platforms [39—49]. For instance, ultracold
atoms in optical lattices currently offer the possibility of
preparing suitable initial states and performing a nonlocal
time evolution with a prescribed Hamiltonian [64]. By equip-
ping such experiments with single-site addressability, the spin
state can be imaged at the prescribed times and sites and
the measurement outcomes recorded. After enough rounds of
collecting data, the statistics involved in LGI Eq. (2) (or in
temporal Bell inequalities [65]) can be inferred.

Concerning the resilience of our results to environmen-
tal disturbance, we envision neutral atom devices [45] (e.g.,
quantum simulators) as suitable platforms for an experimental
realization of our proposal. In these devices, especially optical
tweezer arrays or Rydberg systems, the timescales 77 and
T, of lifetime and coherence respectively can reach values
on the order of seconds or longer [66—68] and provide in-
herent scalability. As such, engineering first violation times
being «T;, (hence a field h of the order of [0.1, 10] s
would enable protection from these effects. In Appendix B,
we analyze the effect of perturbed measurements on the viola-
tion, showing that it remains robust. Nonetheless, an in-depth
theoretical study in this direction would represent a com-
pelling continuation of the present work. This could be
accompanied by modeling platform-dependent effects of dis-
order and losses that could further reduce the measurement
contrast.

IV. CONCLUSIONS

In conclusion, we conceptually extend the Leggett-Garg
inequality to analyze the correlation dynamics of a quan-
tum many-body system. Our spatial Leggett-Garg inequality
can be implemented on existing experimental platforms, pro-
viding a practical way to quantify their ability to induce
spatiotemporal correlations. Moreover, it provides a rigorous
lower bound on the Lieb-Robinson velocity in an agnostic
way, namely without full knowledge of the underlying Hamil-
tonian. Also, investigating the extension of these results to 2D
and 3D systems could reveal insights about the spreading of
quantum correlations in more complex geometries. Finally, a
natural direction for future research is to relate our construc-
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tion to the twin problem of extending Bell inequalities to the
temporal domain [54,65,69], potentially through frameworks
that aim to unify the description of space and time in nonrela-
tivistic quantum physics [70].
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DATA AVAILABILITY

The correlators are computed using exact diagonaliza-
tion methods (for small n) and standard time-evolving block
decimation (TEBD) and time-dependent variational principle
(TDVP) for the NN and NNN cases, respectively, imple-
mented in TeNPy. Codes and data to generate the figures can
be found in [71].

APPENDIX A: NONINTERACTING HAMILTONIANS

Here we discuss the spatial LGI for noninteracting Hamil-
tonians, i.e., for those containing only local couplings. To
begin with, we consider the noninteracting version of Eq. (2),
ie, H=—(h/2)) 07, and derive the dynamics of K, for

the measurement Q = o* and the state |\V). Elementary cal-

FIG. 5. Comparison of the Leggett-Garg dynamics for a single
spin n = 1 and its spatial extension for noninteracting Hamiltonian
J =0 for any n > 1 and observable Q = o*.

culations show that C; , = cos(ht), C, 2, = cos(ht)cos(2ht),
and Cj 2,1 = cos(2ht), which add up to K, = [3 cos(ht) —
2 cos(2ht) 4 cos(3ht)]/2. This quantity, depicted as the black
solid line of Fig. 5, does not violate the LGI. The result
of Fig. 5 prompts us to consider interactions to change the
J = 0 curve and observe violation of the spatial Leggett-Garg
inequality (cf. Fig. 6 in this Appendix). Indeed, interactions
couple the spins which dynamically become nonseparable.
Roughly speaking, time evolution brings the state of the spin
chain closer to the one of a single quantum system, which
violates the inequality (see, for instance, the blue dashed curve
in Fig. 5) [72,73].

More generally, we can prove that, under evolution
governed by noninteracting Hamiltonians, the spatial LGI
cannot be violated. Indeed, for noninteracting evolution,
the observables (Q;(0), Q,(t), Q2,—1(2t)) commute pairwise,
as it happens for r =0. Thus they are jointly measur-
able with outcomes (g1, qu, gan—1) € {£1} with probability
P(q15 Gn, gan—1) (Which depends on |W)). Thus the value

0 2 4 6 8 10

FIG. 6. Average dynamics of the Leggett-Garg correlator for
measurement settings Q for Q%" = ¢*, ¥, o and noise level € =
0.1 for n = 5. We also display the data for the best setting Q43! =
o' optimized at each time instance and subject to the same noise
level e = 0.1.
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of the correlator is K,, = qu’%,qz“f! P(q1s Gns Gan—1)(q19n +
qnqoan—1 — q192n—1). By convexity, the maximal of Ky
is attained by a deterministic strategy p(qi, Gn, Gon—1) =
84,,a84,,60¢5.c» With § the Kronecker’s delta. Simple enumer-
ation of all the values of K, for (a, b, ¢) € {£1} verifies that
K, is confined between —3 and 1. Note that the claim holds
regardless the initial state |V) (separable or entangled) and
the details of the local measurement Q.

APPENDIX B: OPTIMIZATION OVER MEASUREMENTS

In this Appendix, we detail the procedure to optimize
the correlator over measurements. Specifically, we find the
measurement orientation v € S%, 0¥ = ¥ - &, such that K,, is
maximal. To that end, we evaluate K,, for Q = o, obtain-
ing K, (¥) = 97K, v, where K, is a 3 x 3 symmetric matrix
with elements [K],, = Re{(¥] I@,,q W)}, with p, g € {x,y, z}
and K,, = o7 (0)o)! (n) + of (n)od,_ (2n) — ol (0)od _,(2n).
From the bilinear structure of the correlator, it is direct to see
that K,,(V) < Amax(K) = K, (¥max ), Where A denotes the
maximal eigenvalue and v, the corresponding eigenvector

(the optimal measurement is " = Ty - 7). In Fig. 6 we
display an example of such optimization for distance n = 5
in the presence of noise disturbing the measurement settings.
To that end, we perturb the ideal setting with Gaussian noise
0 o Q% 4 ¢n . o, where n = (n*, n’, n*) are samples de-
pendent of the normal distribution. We display the average and
fluctuations of the dynamics of the Leggett-Garg correlator
over various samples.

Note that, from an experimental perspective, the evalua-
tion of the maximal nonlocality requires the inference of the
matrix C involving sequential expectation values of the form
(o] (t;)or ] (1)) for all spin components p, g € {x, y, z}. We also
observe that the violation is robust against noise and that
different observables are affected differently; for example,
oy is more sensitive to noise than o, and o,. We leave the
optimization of the measurements, taking noise into account,
for future studies.

Next, in Table I, we specify the maximal violation for
short times, which suggests that extended Hamiltonians not
only accelerate the onset of violation but also strengthen its
magnitude.
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