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Confinement-induced resonances in Rabi-coupled bosonic mixtures
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We consider coherently coupled bosonic mixtures scattering at low energies in the presence of an external
confinement along either one or two directions. We exactly solve the two-body scattering problem, showing that
for large Rabi coupling the confinement-induced resonance can be displaced towards scattering lengths much
smaller than the oscillator length. Our results make the observation of confinement-induced resonances more
tunable and accessible, offering yet another handle for the efficient control of strong interactions in ultracold
quantum gases.
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Introduction. Low-energy scattering with short-range in-
terparticle interactions is a fundamental problem of quantum
physics. It underlies our understanding of atomic interactions
in the ultracold regime and enables the precise description
of thermodynamics, few-body physics, and dynamics [1]. For
dilute ultracold bosons, in particular, interactions are well de-
scribed by zero-range models including only the partial s wave
[2]. The s-wave scattering problem of single-species gases
has been solved in any spatial dimension D [3], expressing
the 3D, 2D, and 1D scattering amplitudes in terms of the
D-dimensional scattering lengths.

Experimentally, low-dimensional systems are produced by
confining the gas with strong harmonic potential along either
one or two directions. The scattering problem solution in such
quasi-low-dimensional setup displays confinement-induced
resonances [4–11]. Such a feature, absent in the purely D-
dimensional scenario, is produced by virtual excitations of
the scattering state to molecular trap states. In particular, the
resonance occurs when the s-wave scattering length a is com-
parable to the transversal oscillator length l⊥ and experimental
observations were made possible by largely increasing the
value of a via Feshbach resonances [12].

Interactions have also been characterized in detail for
various two-component gases (for a general overview see
[13]). Furthermore, scattering in ultracold atomic mixtures
coupled by external fields has been analyzed in the context
of 3D bosons with Rabi coupling [14,15], of spin-orbit cou-
pled fermions in quasi-1D [16,17] and in quasi-2D [18], of
quasi-1D spin-orbit coupled mixtures with generic statistics
[19], and in coupled multicomponent gases [20–23]. While
reaching the resonant regime in single-species gases may be
difficult since generally a � l⊥, external fields may facilitate
the observation of confinement-induced resonances.

Here we exactly solve the scattering problem in 3D and
in quasi-low-dimensional Rabi-coupled bosonic mixtures. We
find that, by controlling the strength of the driving field, it is
possible to displace the resonance location towards smaller
3D scattering lengths. This phenomenon can be understood
through a simple length scales comparison: the confinement-
induced resonance, which occurs in the uncoupled case when
one of the scattering lengths satisfies a ∼ l⊥, is shifted to

smaller values of a ∼ l� = 1/
√

� < l⊥ for sufficiently strong
Rabi coupling �. This physically means that strong Rabi
coupling facilitates the virtual excitation of colliding atoms
to excited trap states, which is the fundamental mechanism
underlying confinement-induced resonances. In particular, for
realistic experimental implementations [14], the resonance
location shifts from a/l⊥ ∼ 1 to a/l⊥ ∼ 10−1, thus closer
to the natural ratio achieved in trapped alkali-metal atoms.
These scattering properties can be analyzed in the available
experiments with ultracold bosonic mixtures [14,24], for in-
stance through measurements of atomic losses [12,25] and
spectroscopy [26], or studies of the condensate expansion
[27], by producing solitonic states [28], or by measuring
collective modes of the condensate [29]. Clearly, observing
such consequences requires careful control of magnetic-field
fluctuations and Rabi-induced heating, which may reduce the
condensate lifetime and can be mitigated, for instance, by
implementing magnetic-field stabilization methods [30–32]
tailored to available bosonic mixture experiments [14,24,33].

Rabi-coupled bosonic mixtures. We consider a bosonic
mixture of two states, σ =↑,↓, driven by a Rabi coupling
of frequency � and detuning δ. The Hamiltonian, expressed
in terms of the spinor field operator �̂r = (ψ̂r↑, ψ̂r↓)T , reads

Ĥ =
∫

dr

{
�̂†

r

[
− h̄2∇2

r

2m
+ UD(r) + ξ̂

]
�̂r

+
∑
σ,σ ′

gσσ ′

2
�̂†

rσ �̂
†
rσ ′�̂rσ �̂rσ ′

}
, (1)

where the spin Hamiltonian ξ̂ = −h̄ (�σ̂x + δσ̂z )/2 is ex-
pressed in terms of the Pauli matrices σ̂i and the interaction
strength is gσσ ′ = 4π h̄2aσσ ′/m, with m the atomic mass and
aσσ ′ the three-dimensional scattering lengths, and ∇2

r = ∇2
ρ +

∂2
z , with ρ = (x, y). We treat within a unified framework the

3D, quasi-2D, and quasi-1D geometries by taking the external
potential

UD(r) = mω2
⊥

2
[(x2 + y2) δ1,D + z2 δ2,D], (2)
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with δ the Kronecker delta, meaning that the system is
harmonically confined with frequency ω⊥ for D = 1, 2 and
unconfined for D = 3.

The one-body part of the Hamiltonian (1) is diagonalized
by a rotation in the spin basis. Denoting with u = +,− the
rotated spin states, we define the dressed spinor state �̂r =
(φ̂
r+, φ̂
r−)T , related to the original spinor as [15,24,34]

�̂r = R �̂r, R =
(

sin θ cos θ

− cos θ sin θ

)
, (3)

where cos θ = −α0/

√
1 + α2

0 and sin θ = 1/

√
1 + α2

0 are ex-

pressed in terms of α0 = δ/� +
√

1 + (δ/�)2. Note that the
parameter α0 is related to the density imbalance minimizing
the mean-field energy for weak interactions [14]. Substituting
�̂r = RT �̂r in the Hamiltonian, we obtain

Ĥ =
∫

dr
{
�̂†

r

[
− h̄2∇2

r

2m
+ UD(r) + h̄�̃

2
σ̂z

]
�̂r

+
∑

u1,u2,u3,u4

gu3u4
u1u2

2
�̂†

ru1
�̂†

ru2
�̂ru3�̂ru4

}
, (4)

where �̃ = √
�2 + δ2 is the energy gap between the dressed

spin states |+〉 = sin θ |↑〉 + cos θ |↓〉 and |−〉 = − cos θ |↑〉 +
sin θ |↓〉, and gu3u4

u1u2
now represent the interaction strengths

between atoms in the dressed spin states.
For small densities (or weak interactions), the Rabi-driven

system forms a condensate of atoms in the state |−〉, interact-
ing pairwise with strength g−−

−− = cos4 θ g↑↑ + sin4 θ g↓↓ +
sin2 2θ g↑↓/2 [14,15]. This result reproduces, in the uncou-
pled case � → 0, the familiar limits g−−

−− = g↑↑ for δ > 0 and
g−−

−− = g↓↓ for δ < 0. This lowest-band approximation can
well describe the equilibrium properties, yet the excited spin
state |+〉 can play an important role in scattering problems
[15], even at low energy. In the rest of the paper, in particular,
we analyze how higher spin channels affect the two-body scat-
tering problem in D = 1, 2, 3. For simplicity, we will work in
the natural units h̄, m in D = 3, and in h̄, m, l⊥ in D = 1, 2,
where l⊥ =

√
h̄2/(mω⊥) is the harmonic-oscillator length.

Exact solution of the two-body scattering problem. The
two-body scattering problem includes both spin and orbital
degrees of freedom. Concerning the spin, we directly work
with unnormalized dressed spin states, |−〉 = |↑〉 + |↓〉/α0

and |+〉 = |↑〉 − α0|↓〉, and consider the three possible states
for the two-bosons system [14],

| − −〉 = |↑↑〉 + (|↑↓〉 + |↓↑〉)/α0 + |↓↓〉/α2
0,

| + −〉 = |↑↑〉 − (δ/�)(|↑↓〉 + |↓↑〉) − |↓↓〉,
| + +〉 = |↑↑〉 − α0(|↑↓〉 + |↓↑〉) + α2

0 |↓↓〉, (5)

where only symmetric spin states under exchange appear
since the bosonic orbital wave function is symmetric [35].
Concerning the orbital motion, it is separable as usual into
the free motion of the center of mass and into the relative
scattering of a particle with reduced mass μ = 1/2. Since the
center-of-mass problem is trivial, we henceforth focus on the
sole relative one.

FIG. 1. Energy scheme representing the scattering process mod-
eled in this paper. Physically, two |−〉 atoms scatter at the relative
collisional energy ε and, as a result, can be virtually excited to the
spin states | + −〉 or | + +〉, in which their energies ε1 and ε2 are
negative, and therefore correspond to bound states. If the atoms are
confined in quasi-low-dimensional geometries, the energies include
the zero-point oscillator energy E0, defined in the main text. We
measure energies with respect to the one of two nontrapped atoms
with zero relative kinetic energy.

We model the two-body scattering state as

|�(r)〉 = φ−−(r)| − −〉 + φ+−(r)| + −〉 + φ++(r)| + +〉,
(6)

where the orbital wave functions φuu′ (r) solve the relative
Schrödinger equation[

−∇2
r

2μ
+ uD(r) − Euu′

]
φuu′ (r) = 0, (7)

with uD(r) = μ[(x2 + y2) δ1,D + z2 δ2,D]/2 and boundary
conditions specified below. Note that the s-wave solutions of
Eq. (7) have already been obtained for a single-component
gas in the context of scattering theory in 3D [3], quasi-2D [5],
and quasi-1D [4,6]. We now adapt them to solve the scattering
problem of the quasi-low-dimensional two-components mix-
ture (see Ref. [36] for solutions in the purely D-dimensional
case).

As illustrated in Fig. 1, the scattering process involves
the open channel | − −〉 and the closed channels | + −〉
and | + +〉. The incoming wave in the open channel | − −〉
has wave function φ−−(r) and energy E−− = E0 + ε, with
ε = q2/(2μ) being the positive collisional energy and q the
relative momentum. Here ε < �̃ and E0 = (3 − D)/2 is the
zero-point energy in quasi-D dimensions. The wave func-
tions and energies of the closed channels are, respectively,
φ+−(r), φ++(r), and E+− = E0 + ε1, E++ = E0 + ε2, where
ε1 = ε − �̃ and ε2 = ε − 2�̃ are negative and correspond to
the binding energies of the molecular states.

The open channel wave function is a superposition of a
(propagating) regular solution plus a (scattered) singular so-
lution, while the closed channels only include the singular
component:

φ−−(r) = φreg(r) + C−− KE−− (r),

φ+−(r) = C+− KE+− (r),

φ++(r) = C++ KE++ (r), (8)
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where the Cuu′ are coefficients. In particular, the incoming
regular s-wave solution reads

φreg(r) =
⎧⎨
⎩

cos(qz) e−ρ2/4, D = 1,

J0(qρ) e−z2/4, D = 2,

sin(qr)/(qr), D = 3,

(9)

with J0(qρ) the Bessel’s function, while the scattered singular
solution is

KE (r) =

⎧⎪⎪⎨
⎪⎪⎩

1
(4π )1/2

∫ ∞
0

dτ√
τ sinh τ

e− z2

4τ
− ρ2

4 tanh τ
+Eτ , D = 1,

1
(4π )1/2

∫ ∞
0

dτ

τ
√

sinh τ
e− ρ2

4τ
− z2

4 tanh τ
+Eτ , D = 2,

e−√−Er

r , D = 3,

(10)

and the D = 1, 2 forms are obtained with the help of
the harmonic-oscillator Green’s function [37] (see also Ap-
pendix B: Green’s functions). We emphasize that, while the
regular part of the D = 1, 2 solution is in the transverse
ground state, the scattered waves KE (r) include all trans-
versely excited components. As usual in scattering theory, we
now determine the coefficients Cuu′ by expanding the state
of Eq. (6), with components given by Eqs. (8)–(10), at small
and large interparticle separation, imposing that it matches the
expected asymptotic forms.

Short-distance expansion. At short interparticle distance,
we can simply replace Eq. (9) with φreg(0) = 1, while Eq. (10)
behaves as

KE (r) = 1

r
+ hD(E − E0), (11)

where the function hD(x) is obtained from the known solu-
tions of the (quasi)-D-dimensional single-species problems
(see Refs. [4,5,9] for additional details). In particular, h1(x) =
ζ (1/2,−x/2)/

√
2, with ζ the Hurwitz zeta function, while

[38]

h2(x) = lim
N→∞

[
√

2N
π

ln N
e2 −

N∑
j=0

(2 j−1)!!
(2 j)!!

ln( j−x/2−i0+ )√
2π

]
(12)

and h3(x) = −√−x, where we choose the convention√−|x| = −i
√|x|. These expansions provide the behavior of

the state (6) at short distance. Imposing the s-wave Bethe-
Peierls boundary conditions for scattering in the bare spin
states

〈σσ ′|�(r)〉 ∝ 1

r
− 1

aσσ ′
, (13)

we obtain a system of algebraic equations for the coefficients
C−−, C+−, and C++:

⎛
⎜⎝a−1

↑↑ + hD(ε) a−1
↑↑ + hD(ε1) a−1

↑↑ + hD(ε2)
a−1

↑↓ + hD(ε) −α0(δ/�)[a−1
↑↓ + hD(ε1)] −α2

0[a−1
↑↓ + hD(ε2)]

a−1
↓↓ + hD(ε) −α2

0[a−1
↓↓ + hD(ε1)] α4

0[a−1
↓↓ + hD(ε2)]

⎞
⎟⎠

⎛
⎝C−−

C+−
C++

⎞
⎠ = −

⎛
⎝1

1
1

⎞
⎠. (14)

This matrix equation can be easily solved to get the ana-
lytical expressions of the Cuu′ coefficients. Actually, we will
only need C−− to evaluate the s-wave scattering amplitudes,
obtained below by expanding the scattering state at large
distance.

Large-distance expansion. At large distance, the | − −〉
component of the two-body scattering state (6) has an os-
cillating behavior, while the | + −〉 and | + +〉 components
vanish. Therefore, the wave function tends asymptotically to
φ−−(r) and its projection on the transverse ground-state wave
function is proportional to⎧⎪⎨

⎪⎩
cos(qz) + iC−−

q eiq|z|, D = 1,

J0(qρ) + iC−−
√

π
2 H (1)

0 (qρ), D = 2,
sin(qr)

qr + C−− eiqr

r , D = 3,

(15)

where H (1)
0 (qρ) is the Hankel function. By comparing it with

the asymptotic s-wave solutions of the two-body Schrödinger
equations [cf. Eqs. (A2), (A5), and (A8)], we find the s-wave
scattering amplitudes

f0(q) =
⎧⎨
⎩

iC−−/q, D = 1,

−√
8π C−−, D = 2,

C−−, D = 3.

(16)

Finally, by comparing the scattering amplitudes with the
known D-dimensional expressions [cf. Eqs. (A3), (A6), and
(A9)], we can express the D-dimensional scattering lengths

directly in terms of C−− as

a1D = 1

C−−
+ i

q
,

a2D = 2

q
exp

(√
π

2

1

C−−
+ iπ

2
− γE

)
,

a3D = −
(

1

C−−
+ iq

)−1

. (17)

Results. In the quasi-1D geometry the effective one-
dimensional scattering strength is

g1D = − 1

μa1D
, (18)

where a1D is defined in Eq. (17). The resulting expression
for g1D is bulky but nonetheless analytical and depends on
the problem parameters ε, aσσ ′ , δ, �, and l⊥. We plot g1D

versus a↑↑/l⊥ for different values of � in Fig. 2. The solid
curves show confinement-induced resonances which can be
displaced to different locations depending on the values of
δ and �. To understand their behavior, we now analyze the
different limits.

Let us first recall Olshanii’s result [4] for scattering in a
single-species gas:

gO(a) = 2

a−1 + ζ (1/2, 1 − ε/2)/
√

2
. (19)
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FIG. 2. Effective one-dimensional interaction strength versus the
scattering length a↑↑, obtained by evaluating Eq. (18) for parameters
similar to those of Ref. [14]: ε = 0+, a↑↓ = a↓↓ = 0.01, and δ = 2.
The dashed line represents the interaction strength in a quasi-1D
single-species calculated in Ref. [4], i.e., Eq. (19) for σ =↑, and
it is reproduced in the weak driving limit �/δ → 0. Note that one
can conveniently shift the resonance position towards smaller scat-
tering lengths by increasing �, reaching for � � |δ| the red vertical
line [corresponding to 1/ā+ = −ζ (1/2, 1)/

√
2]. Inset: magnifica-

tion around the point where all scattering lengths are equal, where
Eq. (19) is exact irrespective of �.

In the weak driving (or equivalently off-resonant) limit
�/δ → 0, the normalized scattering state | − −〉 tends to
|σσ 〉, with σ =↑ for δ > 0 and σ =↓ for δ < 0. The inter-

action strength reduces to g1D
�/δ→0−−−−→ gO(aσσ ) for 0 < ε <

1 [39]. In particular, for ε = 0+ one gets the conventional
confinement-induced resonance around the scattering length
aσσ /l⊥ ∼ 0.968. This behavior is clearly shown in Fig. 2,
where for � � |δ| the interaction strength converges to the
single-species result of Eq. (19) (dashed line).

In the limit of large �̃ at fixed δ/� (i.e., at fixed θ ), we
obtain

g1D
�̃→∞−−−→ gO(ā+

θ ) − gO(ā+
θ )2

4
√

�̃
{
√

2 sin4(2θ )(ā−
π/4)2

+ sin2(2θ )[cos θ2(a−1
↑↑ − a−1

↑↓ ) + sin2 θ (a−1
↑↓ − a−1

↓↓ )]2},
(20)

with ā±
θ = [a−1

↑↑ cos4 θ ± a−1
↑↓ sin2(2θ )/2 + a−1

↓↓ sin4 θ ]−1. The
two addends in the curly brackets correspond to virtual
second-order processes where the colliding | − −〉 atoms re-
spectively populate the | + +〉 and | + −〉 spin states, in close
analogy to what is discussed in Ref. [34]. In the strong-driving
limit � � |δ| the spin states become |±〉 = (|↑〉 ∓ |↓〉)/

√
2

and the interaction strength reads

g1D
�→∞−−−→gO(ā+

π/4) − gO(ā+
π/4)2

√
8�

[
(ā−

π/4)2+ (a−1
↑↑ − a−1

↓↓ )2

4
√

2

]
.

(21)

By keeping a↑↓ and a↓↓ fixed, and varying a↑↑, the ε =
0+ resonance is centered around a↑↑ = −[a−1

↓↓ + 2a−1
↑↓ +

2
√

2 ζ (1/2, 1)]−1 for infinite �. Note that this value, depicted

FIG. 3. Two-dimensional s-wave scattering amplitude versus the
scattering length, evaluated at the scattering energy ε = 0.05 and
setting the other parameters as in Fig. 2. The dashed line is Eq. (22),
obtained for a single-species gas, and it is reproduced for small
Rabi frequency �/δ → 0. Inset: plot magnification around the re-
gion where all scattering lengths are equal, where Eq. (22) holds
independent of �.

as the red vertical line in Fig. 2, can take very small values for
small a↑↓ and a↓↓. Furthermore, numerical explorations for
realistic parameters [40] confirm that fine-tuned combinations
of small scattering lengths aσσ ′ � l⊥ can produce resonances
when � � 1. For moderate � values, the resonance is still
displaced towards a↑↑ < l⊥, as Fig. 2 shows. We also men-
tion that, for resonant couplings |δ/�| � 1, tuning δ changes
appreciably the spin composition and therefore can further
contribute to shift the resonance location quantitatively. These
effects can facilitate the observation of confinement-induced
resonances in experimental setups [14,15] and it can allow a
better control of the scattering properties in ultracold bosonic
mixtures.

In the quasi-2D geometry, we directly evaluate the s-wave
scattering amplitude f0 = −√

8π C−−. We plot | f0|2 versus
a↑↑/l⊥ for different choices of � in Fig. 3. Similar to the
quasi-1D case, at weak driving �/δ → 0 the scattering am-
plitude yields Petrov and Shlyapnikov’s result [5]

| f0(q2)|2 = 16π2

[
√

2π/aσσ + ln(B/πq2)]2 + π2
, (22)

where B = 0.9049 [8,9], and again σ =↑ for δ > 0, while
σ =↓ for δ < 0. At strong driving, � � |δ|, we then ob-
serve a displacement of the scattering resonance towards small
values of aσσ ′/l⊥. Since the typical experimental scenario
corresponds to a↑↑ � l⊥, our results enable probing and ex-
ploiting more easily the confinement-induced resonances in
ultracold quantum gases.

Concerning the 3D results, we obtain the 3D coupling con-
stant g3D = 4πa3D and we reproduce the findings of Ref. [14],
to which we refer for detailed analyses.

Finally, let us discuss what occurs when all scattering
lengths are equal, i.e., aσσ ′ = a. In this case, interactions
become spin independent as all scattering channels are char-
acterized by the same Bethe-Peierls boundary conditions.
Any mixing of the spin states, realized by varying the Rabi
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coupling �, does not affect the scattering problem, which is
exactly described by the single-species results of Eqs. (19) and
(22). We demonstrate this result in Figs. 2 and 3 insets, which
magnify the region where all scattering lengths coincide.

Conclusions. We analyzed the scattering problem in low-
dimensional bosonic mixtures with Rabi coupling, finding that
the driving field can displace the resonance location towards
scattering lengths much smaller than the oscillator length.
In particular, in the large Rabi coupling regime we observe
that confinement-induced resonances can be engineered for
fine-tuned small scattering lengths aσσ ′ � l⊥. Our findings
open the way towards the observation of confinement-induced
resonances in ultracold atomic mixtures and provide a handle
to efficiently control interactions in atomic gases [41,42]. We
presented our results choosing realistic values for a recent
experiment [14] and latest improvements in the stability of
the driving field [30–32] combined with strong transverse
confinement could further facilitate their observation.
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Appendix A: Single-species D-dimensional s-wave scatter-
ing problems. Here we review the D-dimensional problems
of two identical bosons scattering at positive energy ε =
q2/(2μ).

1D case. The 1D Schrödinger equation in rescaled relative
coordinates reads

[
− ∂2

z

2μ
+ g1Dδ(z) − ε

]
ψ (z) = 0, (A1)

where g1D is the 1D interaction strength. Equivalently,
we solve (−∂2

z − q2)ψ (z) = 0 equipped with the relation
∂zψ (z)|z=0+

z=0− = 2μg1D ψ (0). The solution of even symmetry
under z → −z reflection can be expressed as

ψ (z) ∝ cos(qz) + μg1D

q
sin(q|z|)

∝ cos(qz) + f1D(q) eiq|z|, (A2)

where we introduce the 1D scattering amplitude f1D, related to
the 1D interaction strength as g1D = −(q/μ)Re( f1D)/Im( f1D)
[6]. If we require the solution to satisfy the Bethe-
Peierls boundary condition ψ (z → 0) ∝ 1 − |z|/a1D, with
a1D the one-dimensional s-wave scattering length, we find

g1D = −1/(μa1D), and obtain

f1D(q) = − 1

1 + iqa1D
. (A3)

2D case. The 2D s-wave Schrödinger equation in rescaled
relative coordinates reads[

−∂2
ρ + ρ−1∂ρ

2μ
− ε

]
ψ (ρ) = 0. (A4)

The solution is given by [3,5]

ψ (ρ) = J0(qρ) − i
f2D(q)

4
H (1)

0 (qρ) (A5)

and imposing the Bethe-Peierls boundary condition ψ (ρ →
0) ∝ ln(ρ/a2D), with a2D the two-dimensional s-wave scat-
tering length, we obtain the s-wave scattering amplitude

f2D(q) = 2π

− ln(qa2DeγE /2) + iπ/2
, (A6)

with γE ≈ 0.577 the Euler-Mascheroni constant.
3D case. The 3D Schrödinger equation for the relative

coordinate is (
−∇2

r

2μ
− ε

)
ψ (r) = 0 (A7)

and admits the asymptotic solution ψ (r) ∝ eiqz +
f3D(q, θ ) eiqr/r, with f3D(q, θ ) the scattering amplitude
including all partial waves [3]. We are interested in the s-wave
asymptotic component, which we calculate by integrating the
previous solution over all solid angles, obtaining

ψ (r) ∝ sin(qr)

qr
+ f3D(q)

eiqr

r
. (A8)

By imposing the s-wave Bethe-Peierls boundary condition
ψ (r → 0) ∝ 1/r − 1/a3D, we obtain

f3D(q) = − 1

1/a3D + iq
. (A9)

Appendix B: Green’s functions. Given the Schrödinger
equation (Ĥr − E )ψ (r) = 0 with time-independent Hamilto-
nian Ĥr, we define the Green’s function in the energy space
KE (r, r′) as the function solving (Ĥr − E )KE (r, r′) = δ(r −
r′). To evaluate it explicitly, we express it as [37]

KE (r, r′) =
∫ ∞

−∞
dτ eEτ K (r, r′, τ ), (B1)

where K (r, r′, τ ) is the imaginary-time propagator bring-
ing the system from r′ to r in the time τ . This function
reads [37]

K (r, r′, τ ) =
∑

n

φn(r)φ∗
n (r′)e−Enτ (B2)

for τ > 0 and K (r, r′, τ ) = 0 for τ < 0, where Ĥrφn(r) =
Enφn(r).
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A useful property involves Hamiltonians that sum commut-
ing operators, for instance in the form Ĥr = Ĥρ + Ĥz that ap-
pears in this paper. In this case, the imaginary-time propagator
factorizes as K (ρ, z, ρ ′, z′, τ ) = K (ρ)(ρ, ρ ′, τ )K (z)(z, z′, τ ).
Thanks to this property, in the main text we obtain the Green’s
functions of the type (B1) by multiplying the known forms of
the imaginary-time propagators for the free particle and for
the harmonic oscillator with reduced mass. In particular, for
initial positions r′ = 0, the τ > 0 expressions for the free 1D
and harmonically trapped 1D and 2D cases are [37]

Ĥz = −∂2
z → K (z)(z, τ ) = e− z2

4τ√
4πτ

,

Ĥx = −∂2
x + x2

4
→ K (x)(x, τ ) = e− x2

4 tanh τ√
4π sinh τ

,

Ĥρ = −∂2
ρ − ∂ρ

ρ
+ ρ2

4
→ K (ρ)(ρ, τ ) = e− ρ2

4 tanh τ

4π sinh τ
.

(B3)
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