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Geometric filtering effect in expanding Bose-Einstein condensate shells
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A shell-shaped Bose-Einstein condensate released from its confinement expands radially both outward and
inward, displaying a self-interference pattern characterized by a density peak surrounded by a halo. Here we
analyze how an external imprinting or the thermal fluctuations of the condensate phase influence this expansion.
In both cases we find that the curved geometry filters the imploding finite angular-momentum modes via a radial
centrifugal potential, so that only the condensate state can reach the origin and form the central peak. As a
consequence, we observe a pronounced dependence of the central density on the imprinting strength and on
temperature. This geometric filtering effect characterizes the free expansion of curved atomic gases in contrast
with flat counterparts, it is easily observable in the available experimental platforms and enables two-dimensional
shells thermometry via simple absorption-imaging techniques.

DOI: 10.1103/6zqw-tysq

Ultracold atom experiments can now confine quantum
gases in spatially curved geometries [1-5], enabling the di-
rect exploration of quantum physics in curved space [6,7].
Shell-shaped gases are a notable example [8], realized by
magnetically [2,9] or optically [3,4] trapping bosons near hol-
low surfaces such as spheres or ellipsoids. A central question
is how these shells expand once the confinement is switched
off. Previous studies show that a pure condensate shell ex-
pands both inward and outward, forming a dense central
peak—a simple yet striking manifestation of the underlying
curved geometry [10—14]. For an initially pure condensate, the
width of this peak is primarily determined by the strength of
repulsive interatomic interactions [10]. In contrast, the expan-
sion of shells carrying nonzero angular momentum remains
unexplored.

The problem is compelling because it parallels single-
particle quantum mechanical motion in a spherically sym-
metric potential [15]: the angular momentum [/ generates
a centrifugal barrier o< I(I 4 1)/r?, repelling finite-/ modes
from the origin. The interplay between radial motion and
angular momentum underlies fundamental physical problems
ranging from the hydrogen atom [15] to scattering [15,16],
Efimov physics [17,18], and nuclear reactions [19]. The free
expansion of shell-shaped gases at finite / thus provides the
opportunity to observe the centrifugal dynamics in a many-
body quantum system.

In this Letter we investigate the free expansion of conden-
sate shells prepared with an angular-dependent phase profile.
Such a phase can be imprinted externally or arise from
thermally populated modes following a Bose-Einstein distri-
bution. In both cases, as the shell expands toward the origin,
the components with angular momentum / > 0 experience
the repulsive centrifugal potential V;(r) oc [(I + 1)/(2r).
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Consequently, while the / =0 condensate forms a central
peak, higher-/ modes either bounce at a characteristic ra-
dial distance r; < 4/I(I + 1) or convert into [ = 0 modes
through the annihilation of the pair (I, m), (I, —m) into the
(I =0, m = 0) state, where m = —I, ..., [ denotes the angular
momentum projection along the z axis.

The central density thus depends on the initial phase or
on the thermal population, providing in the latter case a
thermometry method for two-dimensional (2D) shells. Our
results, obtained for realistic experimental parameters [3,4],
are directly observable in heteronuclear bosonic mixture ex-
periments [20,21] and reveal a dynamical geometric filtering
effect intrinsic to curved quantum gases.

Model. We consider a system of N bosons of mass M
confined in a harmonic spherical-surface trap of radius R and
frequency wy, given by the potential U (r) = %M wé(r —R)%.
The system is described by the grand-canonical Hamiltonian

72
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A= | dn (r)|:H, t+ 5 TV I Mi|\ll(r),
(1

where W'(r) is the bosonic creation operator at position
r, H = —%VE+U (r) is the radial Hamiltonian, with
V2 =92+ %B,, [? is the squared angular momentum op-
erator, and g = 4mwh’a/M is the interaction strength, with
a the s-wave scattering length and w the chemical poten-
tial. We assume in the following that R > [y, with [y =
Jh/(Mwgy) the harmonic oscillator length, and we set hwg
much larger than any other energy scale so that the system,
while trapped, remains in the ground state of H,: ¢o(r) =
e~ R/ /(714 /IoR), with eigenenergy fiwy/2. We may
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hence write \il(r) = d)o(r)lﬁ(Q), where €2 indicates the angu-
lar coordinates (0 € [0, ], ¢ € [0, 27]). Integrating Eq. (1)
radially, we then obtain the Hamiltonian on the spherical
surface:

Hop = / dszv?*(sz)[

82D 4

i2 . R
—— + 22T () - y}/f(sz),

DMR? 2
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where y = u — hwy/2 is the chemical potential removing the
radial energy, and g)p = ﬁom. At zero temperature, the

mean-field ground state is given by the uniform solution v =
/1o, with ng = N/(4m), characterized by the chemical po-
tential y = gopnp and having zero angular momentum. Note
that the radial coordinate remains frozen in the trap as long as

y < hwgy, which demands \/]\%l;z <« 1. The results of this Let-

ter are scaled in units of the length R, energy Ep = h>/MR?,
temperature Eg /kg (with kg the Boltzmann constant), and time
tr=" /ER.

Expansion of phase-imprinted states. The stationary mean-
field trap state Wo(r) = ¢o(r)+/no has zero angular momen-
tum. Its expansion dynamics following the shell-trap removal
[U(r) = 0] is already understood [10]. Qualitatively, the gas
expands radially away from r ~ R, forming a dense peak at
around r = 0, surrounded by a broad halo. The peak density
and width vary during the expansion, but they are essentially
regulated by the interplay of the radial kinetic energy and of
the interatomic repulsive interactions.

The situation is much richer for initial states with nonzero
angular momentum. Such states can be experimentally pre-
pared via a standard phase-imprinting protocol, consisting in
applying for a time At an external potential V (r) = v(x> +
y? + A27?), of strength v and anisotropy A, on the station-
ary condensate state W (r). The initial phase-imprinted state
reads W(r, t = 0) = ¢o(r)/noe’®™, which is not any more
spherically symmetric because it acquired the phase ®(r) =
V(r)At/h. If we express V (r) in spherical coordinates around
r~R, we get & = Oy + CYy(R2), where g is a dynam-
ically irrelevant constant, Y;,,(2) are spherical harmonics,
and C = /167 /45(1% — 1)(vR? At /h) denotes the imprinting
strength. Therefore, the application of V(r) just before the
expansion creates a nonuniform phase field which, as we show
below, corresponds to populating even angular momentum
states. Such states have larger populations for larger values
of C, provided that C < (y/Eg) holds to avoid creating sig-
nificant density modulations.

We model the expansion dynamics of the initial state
Y(r, t = 0) by solving the three-dimensional Gross-Pitaevskii
equation:

hZ v2 £2
Lo+
2M 2M7r?

ih(r, 1) = [— + g|W(r, t)|2:| w(r,t), (3)

and monitor in particular how C affects the maximal popula-
tion penetrating the region R., with R, < R. We define it as

R.
Puax = max [P()], P(t) = / drr? / dQ |, 1)), (4)
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FIG. 1. (a): Maximal population ratio penetrating the radial re-
gion r < R, vs the phase-imprinting strength C. When increasing
C in the imprinted state \U(r, # = 0), the initial occupation N;/N of
even-/ angular momentum states shifts toward larger / values [see
(b)], and large-/ modes are more strongly repelled from the region
r = 0 by the centrifugal barrier [see (c)]. Here we choose the follow-
ing realistic parameters [3]: N = 10*, y /Ex = 7.7, ly/R = 0.15, and
R./R = 0.3. The densities of panel (c) are obtained for C = 6 and
are reported at the time at which the central population is maximal,
t = 0.15t.

and plot it as a function of C in Fig. 1(a). The maximal
central population reached during the expansion decreases
with stronger imprinting C, suggesting that, as larger an-
gular momentum populations are imprinted onto the initial
state, a smaller fraction of the gas is able to reach the
central region. This effect is qualitatively unchanged for dif-
ferent sizes of the internal region, here being R. = 0.3R.
To better visualize how the repulsion from the central
region occurs, we calculate the initial imprinted popula-
tions N; = fooo drr’n;(r,t = 0), where the radial densities
of the different angular-momentum modes are n;(r,t) =
Yot i (r DP, and xin(r, 1) = [ A, (Q)W(r, 1). We
report N;/N versus [ in Fig. 1(b), which shows indeed that
larger C imprints a larger fraction of nonzero angular mo-
menta onto the initial state. Such finite-/ modes are, however,
repelled from the origin, as the radial distributions n;(7, t) in
Fig. 1(c) demonstrate, and this filtering effect is responsible
for the pronounced dependence on C of the central population.
Note that the same repulsion effect, and qualitatively similar
curves to those of Fig. 1(a), can be obtained by analyzing the
maximal central population of a thin condensate slice in the
xz plane, or of the column density integrated along y.
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Geometric filtering. To gain analytical understanding on
the expansion of the phase-imprinted state, we substitute the
decomposition W(r, 1) = Yoo x00(r, 1) + Y1 Yim () Xum (1, 1)
in Eq. (3), where > =", Lom- After projecting over the
spherical harmonics, we obtain

ifixo0 = _%XOO + % |:(|X00|2 + 22/|X1m|2))(00
Im
+ ) Xam Xt xé‘o}, 5)
Im
i#Yitom = [— ;‘Vj + v;m} Xim

= 2o s + D"l (6
where V;(r) = il I+ 10H/eMm r2) is the centrifugal potential,
and, for simplicity, we only report the terms with lower pow-
ers of the components x;.o, (i.e., we assume that | x;0m| <
|xool). At t =0, the amplitudes yx;,,(r,t = 0) are Gaussian
wave packets of width [y localized at around r = 1. Their
initial kinetic energy is proportional to (4/2)~!' and it has
variance ~[ 2,

If, as a first approximation, we neglect the interactions
by setting g = 0, the solution of the resulting linear equa-
tions shows that the condensate component xoy broadens
radially up to r =0, while the excited modes y;, face
the centrifugal barrier V;(r), eventually vanishing beyond a
turning point at a finite radius r;. This radius can be eval-
uvated by equating the initial kinetic energy of the wave
packet o (413)7! with the potential energy V;(r;), getting
r; ~ lop/I(l + 1). This means that the geometry filters high-/
modes, a fact which is clearly illustrated in Fig. 1(c), which
presents the even-/ components at the time at which the max-
imal central population is reached.

Let us now discuss qualitatively the role of the interac-
tions by contrasting in particular the expansion of shells with
the one of flat low-dimensional condensates [22—24]. In the
expansion dynamics of an elongated condensate [22], or the
outward expansion of a shell condensate, the density quickly
sinks. Interactions hence become rapidly negligible, and the
evolution of the different momenta, or in the case of the
shell-condensate angular momenta, may be considered inde-
pendently. The situation is remarkably different in the inward
expansion of the shell condensate, where the density increases
due to the focusing effect associated to the spherical geometry.
As a result, interactions play a relevant role in the inward
expansion. A major consequence of this is the interconver-
sion between the / = 0 mode and the / > 0 ones [see the
g-dependent terms in Egs. (5) and (6)]. This effect is clearly
demonstrated in Fig. 2, reporting Ny/N versus time. Interest-
ingly, also shells with relatively small initial populations of
the / = 0 mode dynamically increase their population thanks
to the nonlinear interactions. Also note that the conversion
between the excited modes and the condensate is initially slow
and becomes faster as the central density peak forms.

Finally, let us compare the free expansion of phase-
imprinted condensate shells and of stirred ring-shaped gases
[25]. Ring-shaped Bose-Einstein condensates with initial
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FIG. 2. Time evolution of Ny/N, demonstrating the role of non-
linear interactions during the inward implosion of the condensate
shell. Note how, due the coupling at the second line of Eq. (5), the
population tends to convert into the condensate as the shell expands
and the central density increases. We use for this figure the same
parameter and scales of Fig. 1.

angular momentum m, the eigenvalue of the angular momen-
tum projection along z, L., display a central hole with radius
increasing linearly with m [25]. This effect is likely due to
an axial centrifugal potential i*m?/[2M (x* + y*)] repelling
high-angular-momentum modes. This repulsion is analogous
to what we observe in the shell-expansion case, although the
centrifugal potential V;(r) has spherical rather than axial sym-
metry, and the angular momentum modes are more strongly
repelled due to the potential scaling as /> + [ instead of m?.

Finite-temperature expansion. Finite-temperature conden-
sate excitations provide another mechanism to get initial states
with nonzero populations of the angular momentum com-
ponents, and therefore of observing the filtering effect. We
analyze below the expansion dynamics of 2D spherically
symmetric shells in the low-temperature regime where both
condensate phase and density fluctuations are thermally ex-
cited. This corresponds to the regime y ~ kzT <K hiw,, with
kg the Boltzmann constant, as depicted in Fig. 3.

Let us derive the phase and density fields by imple-
menting the Bogoliubov theory. First, we expand the field
operator in Eq. (2) in the Madelung representation /() =
Vg + 6n(Q) e, where 8n(Q2) and ®(Q) are, respec-
tively, operators accounting for density and phase fluctuations
around the mean-field uniform condensate solution 1. From
the linearization of the Heisenberg equation of ¥ under Hop,
we obtain the coupled equations 79, d = —[L?/(2MR?) +

2D 3D

phase fluct. i density fluct. |
| |
| |

» F

T
Y k BT ﬁwo
FIG. 3. Hierarchy of energy scales identifying different regimes
of trapped bosonic gases. We implement a 2D theory that includes
both phase and density fluctuations to describe the free expansion
of a two-dimensional shell-shaped Bose-Einstein condensate in the
regime y < kpT <K Fiwy.
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2y1(8n/2n0) and hd,(5n/2ny) = [L?/(2MR?)]d. We then
diagonalize these equations via the Bogoliubov transfor-
mations 2,/no®(Q) = Y, [f;F Vi (2)e E/ "3y, + H.c.] and
Sn(Q)/ g = Y, lifir Yim (e E /My, + H.c.], where éy,
are the destruction operators of bosonic quasiparticle excita-
tions. Performing this diagonalization provides the excitation
spectrum E; = /€,(¢; + 2y), with ¢ = F*I(l + 1)/(2MR?)
the single-particle energy, and the amplitudes f;| = f* =
VE//e and f;, = 1/f;".

We model the free expansion of a finite-temperature shell-
shaped initial state by taking the initial condition W(r,
t =0) = ¢o(r)v/ng + 6n(2) ®, where the phase and den-
sity fields ®(€2) and §n(€2), defined as

o] !
Y3 £ RelYin (),

=1 m=—I

1
P(Q2)=—
(€) e

[} !
() = oy Y i Reli¥in(@aunl, (D)

I=1 m=-1

are stochastic spatially dependent quantities distributed in ac-
cordance to ﬁD(Q) and (SAn(Q). We derive their expressions by
replacing the operators &, in ®q and §n($2) with the com-
plex random variables oy, with mean («;,,) = 0 and variance
(lagm|?) = NB(T), with NB(T) = 1/[eF1/®T) — 1] the Bose-
Einstein distribution at temperature 7. To correctly account
for thermal effects, we generate many stochastic realizations
of the phase fields ®(£2) and én(€2) by sampling the uni-
form random variables B;,,, v, € [0, 1] and calculating o, =
(—=NP(T)In By,)'/?e™ V. The finite-temperature expansion
dynamics is modeled by solving for each phase and density re-
alization the three-dimensional Gross-Pitaevskii equation (3)
and averaging the observables over realizations.

We plot the fractional maximal central population in Fig. 4
which, similarly to the phase-imprinting case, decreases with
temperature. The effect is less pronounced with respect to
Fig. 1, essentially because the phase imprinting can trans-
fer much larger populations to nonzero angular momentum
modes with respect to the thermally induced case, that is
limited by the Bose-Einstein distribution. Still, the central
population decreases with temperature, demonstrating also
in this case the dynamical filtering effect by the curved ge-
ometry. We find that the central population ratio is affected
by the parameters’ choice and that it tends to decrease with
lower three-dimensional gas densities in the regimes explored.
The method presented here, therefore, enables calculating
the maximal central density Py.x versus T for given R, I,
N, and a in input. Conversely, the temperature of spherical
shells can be deduced by comparing the measured the central
region density against the simulated one, which constitutes a
method for spherical shell thermometry. This effect provides,
therefore, a tool for the experimental analyses of shell-shaped
Bose-Einstein condensates.

Experimental relevance. The parameters of this Letter are
chosen to be plausible for realistic implementations [3,4,26—
28]. Indeed, out of rescaling, Figs. 1 and 2 parameters
correspond to 10* 2*Na atoms, forming a shell of radius
R = 10 um and thickness /p = 1.5 um. The two-dimensional
rescaled interaction strength y/Egr = 7.7 corresponds to a

1.00 b ]
< 095 ]
oF [ 1
~ b 4
< 0.90f 1
=
z t — lo/R=006, N=10"

A 0.85 lo/R=0.03, N =10
I loy/R=0.06, N =2x10*
0.80 —————
0 100 200 300 400
kgT/ER

FIG. 4. Maximal population ratio penetrating the radial region
r < R. vs temperature. Similarly to the phase-imprinting case, larger
temperatures produce condensate states with larger initial angular
momenta, which are impeded to reach the central radial regions by
the centrifugal potential repulsion. At a given temperature 7, the
maximal central population tends to decrease either when the shell
thickens at fixed N, or when N decreases at fixed shell thickness.
Note that we consider here a thin shell in the 2D regime of Fig. 3, that
the critical temperatures for N = {1, 2} x 10* are {800, 1600} kg/Ex,
and we use for this figure R./R = 0.3. The error bars show the
standard deviation obtained from averaging over many realizations
of the initial state.

three-dimensional s-wave scattering length of 55 Bohr radii,
and the expansion times are always in the millisecond range.
We take the same physical parameters in Fig. 4 except for
the thicknesses [y = {0.3, 0.6} um, and the maximum rep-
resented temperature T = 400 Ex/kp equals 84 nK, which
is lower than the critical temperatures ~{170, 340} nK for
N = {1, 2} x 10* [29]. These values are realistic and within
reach of the experiments [3,4], where forthcoming im-
provements on atom numbers should allow controlling the
shell thickness and manipulate it locally [30]. In particu-
lar, Refs. [3,4] already analyzed the expansion of three-
dimensional (3D) condensate shells and, notably, employed
the Abel transform to get radial densities from the measured
column densities. We mention that, in principle, the filtering
effect described by Egs. (5) and (6) can be observed also in 3D
shells, and compared with the Gross-Pitaevskii equation dy-
namics starting from a 3D ground state with an imprinted
r-dependent phase profile. The advantage of taking initial 2D
conditions is, however, that a tighter confinement produces
initial wave packets with larger kinetic energy and narrower
radial momentum distribution, making the filtering effect of
imprinted shells more visible. In any case, we expect that
Feshbach resonances in these or other heteronuclear mixtures
experiments [20,21] will give good margins of tunability on
the shell thickness.

Conclusions. We analyzed the free expansion of conden-
sate shells with nonzero initial angular momentum state. We
find that the interplay between the system dynamics and the
centrifugal potential dynamically purifies the initial state by
filtering the expanding modes with finite angular momentum
during the inward radial expansion. Our simulations are re-
alistic and close to the parameters of the experiments [3],
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where the filtering effect can be directly observed. Moreover,
the simulation method introduced in this work can be com-
bined with precise measurements of the central density of
expanding spherical shells to precisely determine their tem-
perature, enabling the observation of their finite-temperature
phase diagram [29]. The observation of our predictions would
constitute a direct experimental probe of the nonlinear dy-
namics of an interacting condensate in the radial centrifugal
potential, and it unequivocally demonstrates how spatial cur-
vature affects the dynamics of ultracold atomic gases. Future
extensions of our work may elucidate how topological phase
patterns such as vortex pairs and domain walls affect the time-
of-flight expansion and interplay with the radial centrifugal
potential.
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